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In this contribution we describe the determination of the charm and bottom quark masses
and the strong coupling constant from a combination of recent experimental data for the to-
tal hadronic cross section and precise perturbative predictions within QCD. The results read
mc(mc) = 1.286(13) GeV, mb(mb) = 4.164(25) GeV and α(5)s (M2Z) = 0.119+0.009−0.011.
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1. Introduction
The strong coupling constant and the masses of the six quarks constitute the fundamental
parameters of QCD which is a strong motivation to determine their values with highest possible
precision. Precise quark masses are furthermore important in the context of spectroscopy, B meson
and Higgs boson decays and Yukawa unification in Grand Unified Theories.
In this contribution we describe the extraction of αs (Section 2) and the charm and bottom
quark masses (Section 3) from recent measurements of the total hadronic cross section in e+e−
annihilation in combination with recent precision calculations.
2. Strong coupling constant
Recently the CLEO collaboration has published a measurement of R(s) for seven different
center-of-mass values
√
s in the range between 7 GeV and 10 GeV [1]. The uncertainty amounts
to about 2% and it is thus tempting to compare these measurements with the theoretical predictions





where σpt = 4piα2/(3s). R(s) is known to order α2s including the complete mass dependence and
at order α3s mass corrections up to the quartic order are available (see Refs. [2, 3, 4] for recent
compilations). All available corrections are included in the program rhad [4], which has been
used for the present analysis.
In a first step we evolve the seven extracted values for αs to a common energy scale which
we choose to be 9 GeV. We obtain α(4)s (92GeV2) = 0.160± 0.024± 0.024 , where the first error
combines statistical and uncorrelated systematic uncertainties and the second one gives the corre-
lated systematic error. The superscript “(4)” indicates that at this point we are still working in a
version of QCD where only the four lighter quark flavours are active. The transition to five active
quarks is achieved with the help of a proper matching when crossing the flavour threshold. It is
implemented in convenient form in the Mathematica package RunDec [5] which is based on
the works [6, 7]. Using the proper matching and running of the strong coupling from 9 GeV to MZ
we thus obtain from α(4)s (92GeV2)





where after the second equality sign the uncertainties have been combined in quadrature.
The central value in Eq. (2.2) differs by one standard deviation from the one of Ref. [1],
α
(5)
s (M2Z)|CLEO = 0.126±0.005+0.015−0.011 . This is explained by the missing charm mass effects in the
theory predictions for R(s) and the missing matching corrections at the bottom threshold in Ref. [1].
It is instructive to combine the result from Eq. (2.2) with the αs values obtained in Ref. [8],
α
(4)
s (52GeV2) = 0.235+0.047−0.047 and α
(5)
s (M2Z) = 0.124+0.011−0.014, which was based on earlier measure-
ments by BES [9], MD-1 [10] and CLEO [11]. Adding the correlated and uncorrelated errors of
the different experiments in quadrature, the final result α(4)s (92GeV2) = 0.182+0.022−0.025 represents the
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bottom threshold and corresponds to α(5)s (M2Z) = 0.119+0.009−0.011. Although the uncertainties are still
slightly larger the extraction of αs from the inclusice quantity R(s) becomes competitive with the
results entering the world average (see, e.g., [12, 13]).
3. Charm and Bottom quark mass
The method described in this contribution goes back to 1977 [14] and was applied to next-to-
next-to-leading order (NNLO) in Ref. [8]. The NNNLO analysis, including updated experimental
input, was presented in Ref. [15].
The basic object which enters our analysis is the photon polarization function defined through
(−q2gµν + qµqν) Π(q2) = i
∫
dxeiqx〈0|T jµ(x) j†ν(0)|0〉 , (3.1)
with jµ being the electromagnetic current. The normalized total cross section for hadron production
in e+e− annihilation is then given by R(s) = 12pi Im
[
Π(q2 = s+ iε)
]
. In the following we add a
subscript Q to indicate the contribution from the heavy quark Q.
The idea for extracting a quark mass value mQ is based on moments constructed from ΠQ. On















The three-loop contribution to ΠQ(q2) up to n = 8 within QCD has been computed in Refs. [16, 17,
18] and the four-loop calculation for n = 1 has been performed in Refs. [19, 20]. In the analysis of
Ref. [15] also two-loop QED corrections and non-perturbative contributions have been considered.
The former are quite small and the latter show a visible effect only in the case of the charm quark.




2n which implies a stronger depen-
dence of mQ on variations of M thn for smaller values of n. Furthermore, higher values of n require
a careful theoretical treatment of the threshold region and the construction of an effective theory.
The analysis performed in Ref. [15] is restricted to n = 1,2,3 and 4. Note that precise mass values
can only be obtained for the three lowest moments since the non-perturbative contributions become
too big already for n = 4.
One of the major advantages of the method discussed in this paper is that we can adopt the MS
scheme for the quark mass entering ΠQ(q2) in Eq. (3.2) and thus directly extract the corresponding
value for the mass.
In order to extract experimental moments one exploits the analyticity of ΠQ and arrives at the







RQ can naturally be divided into three parts: At lower energies one has the narrow resonances
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Figure 1: mc(3 GeV) (left) and mb(10 GeV) (right) for n = 1,2,3 and 4. For each value of n the results
from left to right correspond the inclusion of terms of order α0s , α1s , α2s and α3s to the theory-moments.
The second part, usually called threshold region, extends in the case of the charm quark from
3.73 GeV to about 5 GeV. In this region the cross section shows a rapid variation and can not be
described by perturbation theory. Measurements from the BES collaboration from 2001 [9] and
2006 [21] provide excellent data for R(s) with an uncertainty of about 4%. In order to obtain Rc
one has to subtract the contribution from the light quarks which is explained in detail in Ref. [15].
Similarly, we refer to Ref. [15] for a discussion of the bottom threshold region.
The third contribution to the experimental moment is provided by the so-called continuum
region which for the charm and bottom quark starts above 4.8 GeV and 11.24 GeV, respectively. In
both cases there is no precise experimental data available. On the other hand, perturbative QCD is
supposed to work very well in these energy regions, in particular since RQ(s) is known to order α2s
including the full quark mass dependence and to order α3s including quartic mass effects.
Equating the theoretical and experimental moments of Eqs. (3.2) and (3.3), adopting µ =
3 GeV (µ = 10 GeV) for the charm (bottom) quark and solving for the quark mass leads to the
results which are shown in Fig. 1 in graphical form. For detailed numerical results including a ded-
icated error analysis we refer to Ref. [15]. It is nicely seen that the results for mQ further stabilize
when going from three to four loops. At the same time the uncertainty is considerably reduced.
Furthermore, the preference for the first three moments is clearly visible. Also the analysis for
n = 2 and n = 3 leads to small errors, even if we include the uncertainty from the yet uncalculated
four-loop contributions (cf. Ref. [15]). We emphasize the remarkable consistency between the
three results which we consider as additional confirmation of our approach.
The final result for the MS-masses read mc(3 GeV) = 0.986(13) GeV and mb(10 GeV) =
3.609(25) GeV. They can be translated into mc(mc)= 1.286(13) GeV and mb(mb)= 4.164(25) GeV
which currently constitute the most precise mass values. On the theory-side further improvements
are possible by evaluating the four-loop moments for n = 2 and n = 3. On the experimental side im-
provements of the electronic widths of the narrow resonances and R measurements in the threshold
region and slightly above would be very useful.
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